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STAT 412

INSTRUCTIONS: Answer question ONE and any other TWO questions
QUESTION ONE (30 MARKS)

a) Let Q beaset,andletF :P[Q) be some set of subsets of Q. Assume that 01 € F and that

A\B € F forall 4, B € F. Show that F is an algebra.

(3 Marks)
b) Let u* be the Lebesgue outer measure on . Prove that 4 U B is Lebesgue measurable

whenever 4 and B are.
(5 Marks)
c) For a nonnegative integer valued random variable n, show that
T, iP(N > i) = [E(N?) — E(N)]
) (5 Marks)
d) Suppose that (2, F, ) is a probability space and Be® satisfies P(B) = 0. Show
thatQ: F — [0,1] , where Q(A) = P(A/B) VA € F , is a probability measure on Q. If € € F
and @(C) = 0, show that @(A/C)=PF(4A/BnC).
(7 Marks)
e) LetX, X,, ..., X, beindependent N(0,1) random variables. Find the characteristic function
of the random variable ¥ = X7, ¥7and identify its distribution.

(6 Marks)

5
f) Let X be a random variable with density function f(x) = {F’ =1 for =1.Givea
0 elsewhere

X

bound using Chebyshev’s inequality for F(X < 2).

(5 Marks)
QUESTION TWO (20 MARKYS)
a) Let F is a o — algebra of subsets of Q. Prove that
i) ifd,, 4,,...4, eF, thend, n4,n..Nn4, EF.
i) fA,BeF,thenAABEF
(6 Marks)
b) Let (0,F,u) be a measure space, and let E € F. Define uz: F +— [0,400] by
pe(A) = u(AnE), A € F. Prove that u is a measure.
(6 Marks)

c) Let p be a measure on an algebra %, and let A, A4,, ..., 4, € F, 1 < n < co. Prove that
p Uiz 4;) = X7, u(4)).
(8 Marks)

QUESTION THREE (20 MARKYS)

a) Let (n,F, ) be a probability space. Prove that |P(4) — P(B)| < P(A\B) + P(B\A), for all
ABEeETF,
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(3 Marks)
b) Let A, A,,...,A, beevents in the sample space Q0. If A, A,,...,A, are independent and
F(4,) =6,i =1,2,..,n, find an expression for FP(UL, 4;)
(4 Marks)
c) A certain virus infects one in every 400 people. A test used to detect the virus in a person is

positive 85% of the time if the person has the virus and 5% of the time if the person does not
have the virus. Find the probability that a person does not have the virus given that he has
tested negative
(8 Marks)
d) Let X be a binomial random variable with parameters n and p. Show that

(+1 (n+1lp

QUESTION FOUR (15 MARKS)

(5 Marks)

a) Let Zbe a standard normal random variable Z. Show that E[Z7!] = nE[Z™!]. Use the

result to compute E[Z*]

(6 Marks)
b) A prisoner is trapped in a cell containing 3 doors. The first door leads to a tunnel that returns
him to his cell after 1 day of travel. The second leads to a tunnel that returns him to his cell
after 4 days’ travel. The third door leads to freedom after 2 days of travel. If it is assumed
that the prisoner will always select doors 1, 2, and 3 with respective probabilities 0.2 0.5, and
0.3, what is the expected number of days until the prisoner reaches freedom?
(8 Marks)
c) Let X and Y be independent Poisson random variables with respective parameters A, and A, .
Find the conditional distribution of X giventhat X +Y =n.
(6 Marks)
QUESTION FIVE (20 MARKS)

a) Let{x, , n=1,2,..}beasequence of random variables. Briefly explain what is meant the
following terms:
i) X, convergesto X almostsurely
ii) X, converges to X in probability
(6 Marks)
b) Let{X,, n=1,2,..]}beasequence of random variables. Show that convergence in
quadratic mean implies convergence in probability.
(4 Marks)
c) A research worker wishes to estimate the mean of a population using a sample large enough
that the probability will be .95 that the sample mean will not differ from the population mean
by more than 25 percent of the standard deviation. How large a sample should he take?
(5 Marks)
d) The amount of impurity in a batch of a chemical product is a random variable with mean
value 4.0 g and standard deviation 1.5 g. If 40 batches are independently prepared, what is
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the probability that the average amount of impurity in these 50 batches is between 3.6 and 4.2
g?

(5 Marks)
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