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INSTRUCTIONS: 

Answers question ONE and any other TWO questions. 

 

QUESTION ONE ( 30 MARKS) 

a) (i) Define the term partition of a compact interval  ba, .                                            (1 mark) 

 

(ii) Let 𝑓: 𝓡 → 𝓡  be defined by 𝑓(𝑥) = 6𝑥 − 3  on [3,6] . By dividing [3,6] into 𝑛 equal 

subintervals, show that 𝑓(𝑥) is Riemann integrable on[3,6].                                     (6 marks) 

 

b) (i) Explain what is meant by a  algebra on a set X .                                          (3 marks)  

 

(ii) Show that a  algebra 𝖃  is closed under countable intersection, that is if iA  𝖃 for 

,...3,2,1i  then 



i

i

A
1

  𝖃.                                                                                        (3 marks) 

 

c) (i) Define a measure on a measurable space (𝑋, 𝖃)                                                     (3 marks)  

 

(ii) Prove that the measure   is a monotone set function, that is If BA, 𝖃  and AB  , 

then  )()( AB   . 

                                                                                                                                     (3 marks) 

d) (i) Define Lebesgue outer measure 
 of a set.                                                            (2 marks) 

 

(ii) Show that for any set A , 
)()( xAA   
 where  AyxyxA  : , that is outer 

measure is translation invariant.                                                                                   (5 marks) 

 

e) (i) Define a simple function.                                                                                          (1 mark) 

                                                                                                                                                         

(ii) Let    be a simple function in xM (
, 𝖃) and 0c . Show that    dcdc .                                          

                                                                                                                                                  (3 marks)                                                                                                                   
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QUESTION TWO (20 MARKS) 

 

a) Define a cantor set and find its measure.                                                               (8 marks) 

b) Prove that the Dirichlet function 





numberrationalaisxif

numberirrationalanisxif
xD

,1

,0
)(   

is measurable.                                                                                                        (4 marks) 

c) Prove that the following four statements are equivalent: 

 
 
 
  







rxrxfXxiv

rxrxfXxiii

rxrxfXxii

rxrxfXxi

)(:)(

)(:)(

)(:)(

)(:)(

                              (8 marks) 

QUESTION THREE (20 MARKS) 

a) State Fatou’s Lemma.                                                                                                 (3 marks)                                                                                              

b) Let nf  be a sequence of measurable functions which converge 𝜇 − 𝑎. 𝑒 in X  to a function

f . Suppose there exists a function g which is integrable on A such that xxgxfn  )()(

. Then prove that:   


 dfdfn
n
lim                                                                 (10 marks) 

c) Let )(xf and )(xg be two functions such that Xgf :, ∈ 𝖃. then prove that: 

(i) 2f  𝖃                                                                                         (2 marks) 

(ii)  )( gf  𝖃                                                                               (2 marks) 

(iii) )( fg  𝖃                                                                                      (2 marks) 

d) Let  (𝑋, 𝖃, 𝝁) be a measure space and f  be a measurable function. When do we say that 

f  is integrable?                                                                                                    (1 mark) 

 

QUESTION FOUR (20 MARKS) 

a) When is a subset E  of   said to be Lebesgue non- measurable?. Hence or otherwise 

show that if E  is L-non-measurable, then it is possible to find a proper subset A  of E

such that 0)(  A .                                                                                          (5 marks)                                                                                      

b) Prove that if 21, EE 𝕸 (where 𝕸 the class of Lebesgue measurable sets), then 

 21 EE 𝕸                                                                                                       (10 marks) 

c) Show that if 0)(  E  then E  is L- measurable.                                              (3 marks)  
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d) If I  is an interval in   , show that I  is uncountable.                                          (2 marks) 

 

.                                                                                                                      

QUESTION FIVE (20 MARKS) 

a) Let nf  be a non-decreasing sequence of non-negative measurable functions with limit f . 

Then show  that: 

                         dfdf n
n  

 lim .                                                                           (10 marks)  

b) Prove that if a function f is Riemann integrable on  ba,   then it is also Lebesgue integrable 

on   ba, and 

                    dxxfRdxxfL

b

a

b

a

  )()()()(  

where 
b

a

dxxfR )()(  denotes the Riemann integral and dxxfL

b

a

 )()(  denotes the Lebesgue 

integral.                                                                                                                      (10 marks)                                                                             

 


