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INSTRUCTIONS: 

Answer question ONE and any other TWO questions. 

Mobile phones are not allowed in the examination room. 

Candidates are not permitted to write on the examination question paper. 

 

QUESTION ONE (30 MARKS) 

 

(a) Let 𝑋 be a random vector. Show that  

   𝑉𝑎𝑟 (𝐴𝑿 + 𝒃) = 𝐴 𝑉𝑎𝑟(𝑿)𝐴𝑇. 
where 𝑨 is a matrix of constants and 𝒃 is a vector of constants.       (4 Marks) 

 

(b) Let the random vector 𝑽~𝑁4(𝝁, 𝚺), where  

 

𝝁 = (

2
5

−2
1

) ,   𝚺 = (

9    0       3     3
0      1  − 1    2
3 − 1     6 − 3
3     2 − 3    7

).    

 

Assume that 𝑽 is partitioned as  𝑉 = (𝑦1, 𝑦2, 𝑥1 𝑥2)𝑇 .  Calculate the conditional  

(i) Expectation 𝐸(𝒚|𝑿).            (6 Marks) 

(ii) Covariance matrix 𝐶𝑜𝑣(𝒚|𝑿).          (4 Marks) 

 

(c) Let (𝑋1, ⋯ , 𝑋𝑛) have a multinomial distribution with 𝑚 trials and cell probabilities 

𝑃1, ⋯ , 𝑃𝑛. Given that 𝑋𝑖~𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙 (𝑚,  𝑝𝑖),  𝑋𝑗~𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙 (𝑚,  𝑝𝑗), and 

𝑋𝑖+𝑗~𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙 (𝑚, 𝑝𝑖 + 𝑝𝑗). Use this information to show that for every 𝑖 and 𝑗, 

𝐶𝑜𝑣 (𝑋𝑖, 𝑋𝑗) = −𝑚𝑝𝑖𝑝𝑗.            (4 Marks) 

 

(d) Give the statement for the Central Limit Theorem (CLT).          (3 Marks) 

(e) A random variable has the probability distribution function  

𝑓(𝑥) =
1

2𝑥+1 , 𝑥 = 0,1,2,3, ⋯  
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Find 

(i) the probability generating function 𝐺𝑋(𝑆).     (4 Marks) 

(ii) use the p.g.f. to find the variance.      (5 Marks) 

QUESTION TWO (20 MARKS) 

(a) Consider the following probability density function: 𝑓(𝑥1, 𝑥2, 𝑥3) =
2

3
 (𝑥1 + 𝑥2 + 𝑥3) 

where 0 < 𝑥1, 𝑥2, 𝑥3 < 1. Calculate the  

(i) joint distribution for 𝑋1 and 𝑋2.      (3 Marks) 

(ii) marginal distribution for 𝑋3.        (3 Marks) 

(iii) conditional distribution 𝑓(𝑥1, 𝑥3|𝑥2).     (3 Marks) 

(iv)  conditional expectation 𝐸(𝑋1𝑋3|𝑋2 = 𝑥2).     (5 Marks) 

 

(b) Suppose that the random vector 𝑿 is normally distributed with mean 𝝁 and covariance 

matrix 𝚺, and 𝑌 = 𝑎𝑇𝑿, 𝑍 = 𝑏𝑇𝑿 are linear functions of 𝑿. Prove that 𝑌 and 𝑍 are 

independent if 𝑎𝑇𝚺 b = 0.                 (6 Marks) 

 

QUESTION THREE (20 MARKS) 

(a) A random variable 𝑋 has the probability generating function 𝐺𝑋(𝑆) where  

 

𝐺𝑋(𝑆) = 0.4096 + 0.4096𝑆 + 0.1528𝑆2 + 0.0256𝑆3 + 0.0016𝑆4. 

(i) Determine the probability 𝑃(𝑋 = 3) using 𝐺𝑋(𝑆).              (3 Marks) 

(ii) Given that 𝑋 follows a binomial distribution. Determine the parameter values of the 

distribution of 𝑋.                 (3 Marks) 

 

(b) Let 𝑌 have the distribution of the geometric form (modified geometric or decapitated 

geometric) given by 𝑃(𝑌 = 𝑘) = 𝑞𝑘−1𝑝, 𝑘 = 1,2,3, ⋯ where 𝑞 = 1 − 𝑝. Find the 

(i) Probability generating function (p.g.f.) of 𝑌.              (3 Marks) 

(ii) Expected value 𝐸(𝑌) and the variance 𝑉𝑎𝑟 (𝑌) using the probability generating 

function derived in part (𝑖).               (6 Marks) 

 

(c) A probability generating function with parameter 0 < 𝛼 < 1 is given by  

𝐺𝑋(𝑆) =
1 − 𝛼(1 − 𝑆)

1 + 𝛼(1 − 𝑆)
. 

Find 𝑝𝑥 = 𝑃(𝑋 = 𝑥) by expanding the series in powers of 𝑆.          (5 Marks) 
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QUESTIONFOUR (20 MARKS) 

Suppose that we have a multivariate normal variable 𝒚~𝑁3(𝝁, 𝚺), where  

𝝁 = (
3
1
4

) ,   𝚺 = (
6    1 − 2
1   13     4
−2    4     4

).    

Find the 

(i) distribution of 𝑧 = 2𝑦1 −  𝑦2 + 3 𝑦3.           (3 Marks) 

(ii) joint distribution of 𝑧1 = 𝑦1 +  𝑦2 +  𝑦3, and 𝑧2 = 𝑦1 −  𝑦2 + 2 𝑦3.          (3 Marks) 

(iii) marginal distributions of 𝑦1 and 𝑦2.             (2 Marks) 

(iv)  joint distribution of 𝑦1 and 𝑦2. Are 𝑦1 and 𝑦2 independent?          (3 Marks) 

(v) conditional expectation 𝐸[𝑌1|𝑌2].             (2 Marks) 

(vi)  conditional variance 𝑉𝑎𝑟 [𝑦1|𝑦2].              (2 Marks) 

            (vii) partial correlation coefficient 𝜌12.3.              (5 Marks) 

 

QUESTION FIVE (20 MARKS) 

(a) Explain briefly the following convergence concepts. 

(i) Convergence in probability.              (2 Marks) 

(ii) Almost sure convergence.              (2 Marks) 

(iii) Convergence in distribution.              (2 Marks) 

(b) Let 𝑋𝑖, 𝑖 = 1,2, ⋯ be independent 𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖 (𝑝) random variables and let 

 𝑌𝑛 =
1

𝑛
 ∑ 𝑋𝑖.

𝑛
𝑖=1  

Show that  

(i) √𝑛(𝑌𝑛 − 𝑝) converges in distribution to 𝑁[0, 𝑝(1 − 𝑝)].       (4 Marks) 

(ii) For 𝑝 ≠ 1 2⁄ , the estimate of variance 𝑌𝑛(1 − 𝑌𝑛) converges in distribution as 

follows  √𝑛[𝑌𝑛(1 − 𝑌𝑛) − 𝑝(1 − 𝑝)] ⟶ 𝑁[0, (1 − 2𝑝)2𝑝(1 − 𝑝)].    (5 Marks) 

 

(c) Suppose 𝑋1, ⋯ , 𝑋𝑛 are a random sample from a negative binomial distribution 𝑁𝐵(𝑟, 𝑝). 

The Central Limit Theorem (CLT) tells us that  

√𝑛 [𝑋 −
𝑟(1 − 𝑝)

𝑝
]

𝑝

√𝑟(1 − 𝑝)
~𝑁(0,1). 

Suppose that 𝑟 = 20, 𝑝 = 1 2,⁄  and 𝑛 = 20, use the CLT to approximate the probability 

𝑃(𝑋 ≤ 11).             (5 Marks) 


