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STAT 412

INSTRUCTIONS: Answer question ONE and any other TWO questions
QUESTION ONE (30 MARKY)

a) LetQ ={a,b,c}. Consider the classes F; = {{a}, {b,c},Q, &} and F, = {{c},{a, b}, Q, b}. Verify that

F, and F,are both algebras but F; U F, is not an algebra. (4 Marks)
b) Let u* be the Lebesgue outer measure on R. Prove that A U B is Lebesgue measurable whenever A and
B are. (5 Marks)

c) Suppose that (Q, F, P) is a probability space and Bet satisfies P(B) > 0. Show thatQ: F — [0,1],
where Q(A) = P(A/B) VA € F , is a probability measure on Q. If C € F and Q(C) > 0, show that

Q(A/C) =P(A/BNC). (7 Marks)
d) Let X be a Poisson random variable with parameter 1. Show that P[X is odd] = %(1 —e™24)
(4 Marks)

e) Let X,,X,,...,X, be lID exponential random variables with density function f (x)= %e_ﬂ, x> 0. Find

the characteristic function of the random variable Y = EZ X, and identify its distribution. (6 Marks)
j=1
f) The amount of impurity in a batch of a chemical product is a random variable with mean value 3.6 g
and standard deviation 1.2 g. If 40 batches are independently prepared, what is the probability that the
average amount of impurity in these 50 batches is between 3.5 and 4.1 g? (4 Marks)

QUESTION TWO (20 MARKYS)

a) Let F and G be o-algebra of subsets of ). Let H = F N G be the collection of subsets of (1 lying in

both F and G. Show that H is o-algebra. (6 Marks)
b) Let u be a measure on an algebra &, and let A, 4,, ..., Ay € F, 1 < k < oo. Prove that (U{‘zlAi) <
K u(4) . (9 Marks)
c) Let (Q,F,u) u* be a measure space, and let E € F. Define ug: F — [0, +o] by ug(A) = u(ANE),
A € F. Prove that ug is a measure (5 Marks)

QUESTION THREE (20 MARKS)
a) Let (Q,F,P) be a probability space. Prove that |IP(4) — P(B)| < P(A\B) + P(B\A), forall A,B € F.

(3 Marks)
b) Let (Q,F, P) be a probability space. Show that PP is finitely subadditive, that is, for any {4;}}., € F
where n € N; one has that P(Uj-; 4;) < X7, P(4)) (5 Marks)

c) Let A,A,,...,A beeventsin the sample space Q. If A, A,,...,A, are independent and P(4;) = 0,i =

1,2, ...,n, find an expression for P(UL, 4;) (4 Marks)
d) A laboratory blood test is 95 % effective in detecting a certain disease when it is, in fact, present.

However, the test also yields a “false positive” result for 5% of the healthy persons tested. If 0.8 % of
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the population actually has the disease, what is the probability that a person has the disease given that

his test result is positive? (8 Marks)

QUESTION FOUR (15 MARKYS)

a) Show that if X is a Poisson random variable with parameter 2, then E[X"]=AE[X +1]"*. Use this

result to compute E[X *|. (6 Marks)
b) A prisoner is trapped in a cell containing 3 doors. The first door leads to a tunnel that returns him to his
cell after 2 days’ travel. The second leads to a tunnel that returns him to his cell after 4 days’ travel.
The third door leads to freedom after 1 day of travel. If it is assumed that the prisoner will always select
doors 1, 2, and 3 with respective probabilities .5, .3, and .2, what is the expected number of days until

the prisoner reaches freedom? (8 Marks)
c) Let X and Y be independent Poisson random variables with respective parameters A, and A, . Find the
conditional distribution of X giventhat X +Y =n. (6 Marks)

QUESTION FIVE (20 MARKYS)

a) Let{X,, n=1,2,..}beasequence of random variables. Briefly explain what is meant by X,,

converges to X almost surely. (4 Marks)
b) Let X,,X,, -, be a sequence of random variables, with E(X,)=8and Var(X )= % for each n.
n
Prove that {X,} _, converges to 8 in probability (6 Marks)

c) Suppose that some distribution with an unknown mean has variance equal to 1. How large a sample

must be taken in order that the probability will be at least .95 that the sample mean X o will lie within
0.5 of the population mean. (5 Marks)
d) A coin is weighted so that its probability of landing on heads is 10%. Suppose the coin is flipped 200
times. Use Chebyshev’s inequality to determine a bound for the probability that it lands on heads at
least 120 times. (5 Marks)
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